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Abstract 

We give a detailed account of the computation of the Yang-Mills action for the Connes-Lott 
model with general coupling constant in the commutant of the ii'-cycle. This leads to tree- 
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The preceding papers I, II and III of this series presented computations based on the fol- 
lowing Ansatz for the non-commutative Yang-Mills action: 



(1) YM = ai {Ou ei), + ag (6>„ 6>,)^ + «, = !), 

with the scalar products (• , ■)/ and (■ , ■)g stemming as follows from the traces and td^'- 



' Rem, (^^^O = ReTr^ {d-V, {yj^J)] 



These scalar products are however not the most general and natural ones |pb|| : with F^, resp. 
Eg (Ej, resp. Eg), positive elements of the respective commutants {7r;(A), D^}', {7rg(A), iD^}' 
({7r/(B), Z)/}', {7rq(B), Z)q}'), the alternative Ansatz: 

(3a) { \ \ , a7,^'G^]A^ 

(w, J)g = ReTr^ {d-% {lu^lu') eJ 

(uj, u;')i = ReTr^ {Df^ (uj^uj') T[} 
{lu, uj')g = ReTr^ {D;% {lu^lu') T'^} 

yield indeed, in contrast to the previous Ansatz (0), a non-committed choice of (as required) 
gauge-invariant scalar products. According to the Poincare-duality philosophy the new Yang- 
Mills action will be the sum of its electroweak and chromodynamics parts respectively stemming 
from the scalar products ( pa]) and ([3BD.p| Due to the product structure of the traces tjj^ and 

TDi = To® Tr2 ® Ttn 



(4) 
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together with the "fiberwise" nature of the combined space-time-inner space theory, the problem 
of adapting our previous computations to the generalized Ansatz (^), (^) will de facto reduce 
to computations within the representations vr^ and tt^ pertaining to the inner space. The present 
treatment differs also from that of III in that the modular coalescence of the three U{1) groups 
- and their Lie algebras is performed after squaring the curvature and not before. 

The results reached through the new computations constitute a relatively mild modification 
of our previous results based on the former Ansatz (Q), however leading to much more satisfying 
tree-approximation results, suppressing the former inconsistencies^ and amazingly compatible 



^ The scalar products (pal), (3b) incorporate a generalized coupling constant "in the commutant of the K- 
cycle". The leptonic and quark sectors appear independently since their intertwiners are trivial cf. (^), ( |47| ) 
below. 

^ Tr2 denotes the i? — L 2 x 2 matrix trace with entries matrices given by the weak isotopic spin (overall 
4x4 matrices for quarks, cf. (|l^), ([l8|) below; and 3x3 matrices for leptons, cf. (|l^), (|2^), (|2^) below; 

whilst Trjv, Tr^, and td respectively stand for the fermion family N x N matrix trace, the colour 3x3 matrix 
trace, and the Dirac-operator trace tjj- 

^ e.g. the fact that, for a; = 0, the values of (73/(72 — 1 and sin^ 9 — 3/8 were of the "grand unification type" 
whilst the mass-ratio rrit /mw — 2 was near the experimental value [5b|| . 
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with the experimental evidence. For a specific choice of the "coupling constant" within the 
commutant, one computes the tree- approximation values of the ratio between strong and elec- 
troweak couphng constant, the weak angle, and the ratios between the top and the W, and 
the Higgs and the top masses. One can fit the three first items with the known experimental 
values: in fact (73/(72 and sin^ 6*^/ turn out to be mutually uncorrelated, and uncorrelated with 
the ratios rrit/my/ and mn/mw which determine each other, thus yielding, since the top has 
been found, a "prediction" of the Higgs mass: the latter equals 1.5698 rrit for rrit/mw = 2, the 
value (near experiment !) fixed by the (canonical ?) choice of the "coupling constant" in the 
center of the i^'-cycle, a choice without incidence on (73/(72 and sin^ 9w 

Of course these results are "classical" . Reliable results await a renormalized field quantiza- 
tion which should be effected with due consideration of the (still to be found) esoteric symmetry 
brought about by the Higgs boson as a fifth gauge boson. 



This paper is the companion paper to with whom it shares its subject matter with a 
different style and emphasis. Whilst |5^, destined to a physical audience, adopts a notational 
setting congenial to the habits of elementary particle physicists, and insists on the global 
strategy without giving all computational details, we here address mathematical physicists 
in the notation of our former reports ||4b|| , giving a line- by-line account of computations. These 
computations have been performed independently in the two papers in different notation, thus 
affording a mutual check. 



For the convenience of our reader, we begin by recalling the definitions of the inner space 
structure with its Poincare-dual Aew ® Bchrom--^-cycles {iLi, D_i,x^) and (if g. Dg, x^). We begin 
with the uncolored leptonic and quarkonic Aew-i^-cycles. 



[0] Reminder (the inner space). 

( f a b\ ] 
The algebra Acw With H = < [ _ _ ] ; a,b G C > , we have: 

[\-b aj J 

(5) Aew = C©if = {(p,g);pGC,gG/f} = |(^(^JJ ^^yqy,peC,qeH'^ 

(6) (p,gr = (P,g'), peC, qeH, 

(7) Gew = {u= (n, v) e Aew; u*u = uu* = 1, v*v = vv* = 1} = f/(l) X SU{2) 

The leptonic and quarkonic Acvj-K-cycles {Hi, Di,xi) and {Hg, Dg,Xq) • 
Leptonic K-cycle: Hilbert space: 

Hi = (CA © CD © c\ 
eR ulCl 
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Operators (endomorphisms of iJ; as 3 x 3 matrices with entries in Mn{C)): 



(9) 



Xi 











In 





^ 


eR 





-In 





\n 













(10) MiP,Q)) 




(11) 



D, 



Quarkonic K- cycle: Hilbert space: 



(12) 



eR 




{CI 



(p 


< 




ei 





Mt 

















<= A 



CI) 



c 



N 



URdR uidi 

Operators (endomorphisms of iJ^ as 4 x 4 matrices with entries in M]s[{C)): 



(13) 



Ur 


dR 


ul 


di 




(In 










Ur 





1^ 








dR 








-In 





Ul 


I 








-In) 


dL 



(14) 7r,((p,g)) 



Ur 


dR 


Ul 


dL 






fP'^N 













Ur 





p'i-N 










dR 








alN 


blN 




Ul 


V 





-blN 


alN 


) 


dL 



p 





G Ac 



(15) 



Ur 


dR 


Ul 


dL 








Mt 














Ml 


Mu 














M, 









\ Ur 
dR 
Ul ' 
J dL 



Remark: One passes from the matrices (^, @, (^ to the matrices (||), (|]), ([T0|) through the 
changes M„ — > 0, — > Mg followed by restriction to the right-lower corner 3x3 matrix. This 
procedure applied to a 3 x 3 depending upon Mu and is called leptonic reduction. 
We will in fact also use the following 
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Two-by-two matrix versions. Quark sector: version with 2x2 matrices with entries in 
M2{C) ® Mn{C), corresponding to the decomposition: 



(16) 



(17) 



(18) 



R L 

'pOliv \R 
q^lNj L' 

R L 



Xq 












R 


L 


1®1n 








-1 ® 



R 



Lepton sector: version with 2x2 matrices with entries 

•<2 



/ Ml (g) Mn{C) M{C\ C) ® Mn(C) 
V M{C, C^) ® Mn{C) M2{C) ® Mn{C) 



(19) 



(20) 



(21) 



R 

P®1n 



L 

\R 



q®lN ) L 
R 



a b ' 
—b a 



D, 



(0 M*) 








R 
L ■ 



Xi 



e . 

R L 
1 ® 1 \R 

-i^InIl- 



Coloured Poincare-dual Aew ®^chroin-K-cycles {jLi-, D_i-,X^ {lLq,D^,X^- 
The algebra Bchrom- 

(22) Behrom = C © Ms{C) - {{p' , M);peC,me M3(C)} 

(23) (p', mf = (p', m*) , p' e C, m e M3(C), 

(24) Gchrom = {u' = (li', t;) e Aew; u*u = M^i* = 1, v*v = -y^;* = 1} = U{1) x C/(3). 

r/ie leptonic and quarkonic Aew ^^chrom-K-cycles (KhDi^Xj) and (H^, Dg-X,)- 
Leptonic K-cycle {H_i,Di,x,): 



(25) 



H_i= Hi® Cchrom, Xi = Xl® Ichrom 

Di = Di® Ichrom 

TLl{P, Q) = MP^ Q) ® Ichrom 

,7h{p',rn) = 1; ®p' =p' 
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Quarkonic K-cycle {ILq,Dq,X^): 



(26) 



Xg Xq ® Ichrom 



Dg = Dg 



Ichrom 

TLqiP, Q) = 7rg(p, q) ® Ichrom 

, 7Lq{p',rn) = Ig m 



(note the relation 7ij(p', m)] = [Dg,lLqip' jTti)] — implying the algebraic Poincare duality 
condition). 

We recall the formulae (concerning the quark sector): 



(27) 



M = 
with E 



M„ ^ 

M,, 

_ n 0^ 

~ VO 



= E ® Mu + F ® Md 

/o 0\ 

, and F = 

VO I 



COMMUTANTS OF THE INNER SPACE ELECTROWEAK, RESP. CHROMO- 
DYNAMICS K-CYCLE. 

We now analyze the commutants of the inner space electroweak, resp.chromodynamics K- 
cyde, calling so the respective subalgebras of End {H_i © H_g) consisting of the elements com- 
muting with Dj^ © Dg and with all ir;(a) © 7rg(a), a e Aew, resp. all Ki{b) (B 7ig{b), b E Bchrom- 
We begin with a remark relative to a notation which we shall use in order to spare writing: 



[1] Remark. 

With a and b linear operators of the respective complex vector spaces H and K, we write 
Int (a, b) for the set of linear maps: H ^ K intertwining a and b: 

(28) Int (a, b) ^ {S E End (H, K);Sa^ bS)} . 

We then have that: 

(i) : With a, H and b, K as above, and using a 2 x 2 matrix notation for the endomorphisms 

ol H ® K, we have that: 

, , , , / Int (a, a) Int (a, b) \ 

(29) ^'("^'.-^^-IwIm) mm]- 

(ii) : With a, H and 6, K as above, H and K finite-dimensional, and a and h self-adjoint with 

non-intersecting respective sets of eigenvalues, we have Int (a, b) = {0}. 
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Proof: 



(i): follows from: 
(30) 



a b 
c d 



S 0^ 
T 



aS — Sa bT — Sb' 
cS -Tc dT-Td, 



(ii): With S^{Sl), a = (XiSi), b = {iiiSl), we have 

(31) {Sa - bS)l = E, (SIX,S^, - fi^SlS^) = (A, - /.,) = 0. 

In what follows we shall comply to the common usage of choosing our fermion mass- 
matrices such that Me and are diagonal, positive matrices, whilst — C\Md\, with 
C (the Kobayashi-Maskawa matrix) unitary and \Md\ strictly positive. Furthermore 
we assume that all fermion masses are different (the eigenvalues of Me, M„ and \Md\ 
consists of positive numbers (the masses of leptons and quarks) all different from one 
another - experiment!). We further assume that no eigenstate of |Mrf| is an eigenstate of 
C (experiment!). We use the shorthands: 



(32) 



we then have: 
(33) 



f /i =MM*, 

Ml 



Jl =M*M, 



fid = M^Md, 



Jld = |Md|2 = CndC\ 



(33a) 



where C — id®C'm the second line. 



[2] Lemma. 

We have that: 

(i): The most general self-adjoint element FJ o/Int(A,-D/) is as follows: one has m 3 x 3 
matrix notation: 



(34) 



5 

where h and k are arbitrary real functions, and S is any self-adjoint element of Mn{C). 
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(a): The most general self-adjoint element T'^ 0/ Int {Dq,Dq) is as follows: one has m 4 x 4 
matrix notation: 



(35) 



ffifiu) /(/ij \ 

giJid) m{Jid)C* 

l{flu) fifiu) 

V CmiJld) CgiJld)C*J 



where /, / andm are arbitrary real functions . Thus the most general self-adjoint element 
o/Int {Dq,Ilq) is of the form T'^i^ S with T'^ as in ^3di) and S G Mjq{C) self-adjoint. 

(Hi): The self-adjoint elements of Int {Di, Dq) or of Int {Dq, Di) vanish. The same holds for 
self-adjoint elements of Int {D_i,D_q) or of Int (D „ . D i ) . 



Proof: 



fi): With r; 



(36) 



fa (3 
\-p V o) 

/ Me\ 



in 3 X 3 matrix notation, equating: 



la P fi\ 
VMeO J \JI 17 a J 







/ MeJI MeV Mea \ 



V M^a Mef3 Mefi J 



and 
(37) 





fa p 


^\ 


i ° 














aMA 




p 6 


V 













uMe 









y-p V 









) 









JlMJ 



yields p = u = 0; further Me/I = /iM^ and M^/i = JCM^, whence M'^Ji = M^fiMe = /ZMf, 
whence JI = k{Me), /i = k'(Me) for some functions k,k', with in addition k = k' since 
the relation M^JI = pMe now reads Me(k{Me) - k'{Me)) = 0; finally M^a = aMe and 
MgO" = aMe, whence M^a = MeCrMe = aM^, whence a = h{M^) which also equals a 
because the relation M^a = aMg now reads aMe = aMe. 



(ii): We have, using the 2x2 matrix notation, with 

[/a h\ / A/r*M 

(38) 



,a,b,c,de M2{C)®Mn{C): 







Va h\ 






V D 














\c dj 


\M 


1. 



fa 6 ' 
\c d, 

(hM-M^c aM* - M*d' 

[dM -Ma cM* - Mb 



we must thus have: 

(39a) 

(39b) 

(39c) 

(39d) 



dM - Ma = 0, 
aM* - M^d = 0, 
bM - M*c = 0, 
cM* -Mb = 0, 
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Ill 



We compute a and d: (|39a]) and ( |39b| ) entail: 

(40) aM*M = M*Ma, dMM* 



MM*d. 



whence the existence of a real function F with a = F (/i).( |5^aD then reads dC\M\ = 
C\M\F iJl) = CF (Jl) \M\ whence dC = CF{Ji),d = CF (/I) C\ 

We now compute h and c: (P^ ) and (TO ) entail M'-Mb = M^cM" = bMM*, ftb = 
6/i = bCflC*, JlbC = bCJl, whence the existence of a real function G with b = G (fl) C*. 
For c = b\ G is real: indeed (|9|) then reads M6 = G\M\b = b*M* = b*\M\C\ i.e. 
\M\bC = C^fo^lMl, whence, since \M\bC = bC\M\, bC = C*b\ 

We showed the existence of real functions F and G for which: 

{ Fiji) G{Ji)C* \ 



(41) 



r' 



CGiJi) CF{fl)C* 



which comes to (^) in 4 x 4 matrix notation. 







/ a 


/3 


7 


Let S = 


a' 


P' 


7' 








P" 


7" 






/ 







(42) 






















) 


and 












/ a 
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(43) 


a' 




7' 


6' 






/5" 


7" 


5") 



6' 
6" 
( a 
a' 



( 


V 



Glnt(Dq,D;): equating 





7 


M 




MeP" 


Me7" 




P' 


i 


5' = 
















i' 


5") 




M,/3 




M,5; 















\ 


; 



V7"M„ 6" Ma 



yields a' = /3' = 7' = 5' = 0; further Meo" = 7M„ and Mej = a"M„ whence M^j = 
Mea"Mu = 7M^ implying 7 = by |[l]| (ii), and thus a" = - the changes a" 7" and 
7 — > a then yielding = 7" = 0; analogously Mf.(3" = 6Md and Me5 = (3"M^ whence 
Mll3" = MJMd = (3"M^Md implying (3" = = 6; the changes (3" 6" and 5 /5 then 



yielding p = 6" = 0. We proved that S = 0. For 5 G lnt{Dg,Di), writing Kg 
as a direct sum, the restrictions of 5* to all summands vanish. 



[3] Lemma. 

We have that: 

(i): The commutant of the K-cycle {Hg, Dg, Xq) 0/ Acw0 coincides with I2 ® Iat (8> M3(C).[] 

^ We recall that we call commutant of the X-cycle (i?, -D, x) of algebra A the set of operators of H 
commuting with 7r(A) and D. 

^ I2 denotes here the unit of the 2x2 matrix algebra with entries in il/2(C). Note that in fact the colorless 
-fC-cycle {Hq^ Dg, Xq) is irreducible in the sense that the only operators of Hq commuting with 7rg(Aow) and Dq 
are the scalars. Equivalently 7rq(Aow) and Dg generate B{Hq). 
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(ii): A self-adjoint r_i acting on Hj belongs to the commutant of the K-cycle {Hj,Dj,Xi) of 
Acw iff it is of the type I2 ®Tn , with Tn a real function of Mg.^ 

(Hi): The commutant of the K-cycle (H g , D g , y^) o/Bchrom coincides with liat{Dq, Dq) ® I3. 
(iv): The commutant of the K-cycle {ILi, Dj,Xj) c/Bchrom coincides with lnt{Di, Di) . 
Proof: 

(i): If S_ commutes with D_g and Kqi-^ew), it is of the form S <^T, T E M^^C), S commuting 

fa b\ 

with Dq and 7rg(Ac„). S = [ ], a,b,c,d e M2{C) <S) Mn{C) is then both of the 

\c d J 

form (^3p and fulfills for all p E i^diag, q E H: 



(44a) [a,p®ljv] = 0, 

(44b) [rf,g®l7v]=0, 

(44c) 6(g(g) Itv) - (p® l7v)& = 0, 

(44d) c(p ® Ijv) - (g ® ljv)c = 0, 

Now ( [44cD , resp. ( |44dD , with p = yield b{q ®1n) = 0, resp. (g ® 1n)c = whence 
b = c = since g ® Ijy is invertible. Since H generates M2(C) linearly, ( fl4b| ) further 
implies that d = 1 ® d, with d E M]y{C). Together these imply that I = m = 0, 
f{^u) = CgijldjC* being a multiple of the identity: this then also holds for S. 

(ii): If 5* commutes with Di and 7r/(Aew)5 it is of the form (|3^) and is contained in 

, r/ii®x \ 1 

(45) vrKAew)'=|(^ ' ^ ^^^^j;X,FGM;v(C)|, 

(cf. |[l]K i)). Both facts together imply A;(/ie) = 0, and h{^e) = 5 = X = Y ^ whence the 
claim. 



[4] Proposition. 

We have that: 

(i): The positive elements of the commutant of the K-cycle (Hg © ILi,I2q © iZ^X^ © Xj) of 
Aew are the operators of the fc 



form 



(46) 







' I2 denotes here the unit 2 x 2 matrix of the type A = ( a e Mi(^Mn{C), h € M{C'^ ,C)®Mn{C), 



c € M{C, C^) ® Mn{C), d e M2{C) ® Mn{C). Note that A belongs to the commutant of {Hi,Dx,Xi) iff 
one has b = c = and a = 1 (8" r^v, d = 1 Fjv with F^r an arbitrary function of Afg. 
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with G I2 ® Iat ® M3(C)^ and Ti of the type I2 T^, with a positive function of 

(a): Consequently Y_ in ( ^^ ) belongs to the center o/(7ri©7rg)(Acw) iff Hi = ^1//; andT^ = XIh^ 
for some real A. 

(Hi): The positive elements of the commutant of the K-cycle (Hg © ILi^Hq © HuX^ © 0/ 
Bchrom are the operators of the form 



(47) 



r' 



. r;, 



where = ® I3 and = F^, with F'^ positive as in and FJ positive as in 

(iv): Consequently F' in belongs to the center of {tti © vr^) (Bchrom) iff one has F^ = X"1hi 
and Fg = X'lHg for some real A', A". 

Proof: 

(i): (resp. (iii)): [T](i) together with [3^](i)(ii) (resp. |[3]| (iii)(iv) and |[^]| (i)(ii)), leads to the 
the diagonal elements of the matrix (^61) (resp. (|46|)); and together with |[2]| (iii), it leads 
to the vanishing of its off-diagonal elements. 



(ii): Asking simultaneously for vr^(p, g) 
vO q) 



'p 0~ 
.0 q. 



M3(C)+ and 



I2 © Fat requires F^v = Al^v and p = g = A for some real A. 



(iii): Asking simultaneously for TTi{p',m) = p'l2 © 1 



f; 



/ h{fle) k{fie) \ 

6 

//(/ij /(/i„) \ 

g{Jld) m{Jld)C* 

Kt^u) fifiu) 

V Cm {fid) Cg{fid)C*J 
implies vanishing of k{fie), Kf^u) and m{fid), and equality of h{fie), S to A'ljv and of 
fifXu), 9 (fid) to A"l7v. 

Knowing the commutants of the i^'-cycle {H_g © H_i,D_g ® D_i,x © X;) of -^cw and of Bchrom 



7ig{p',m) 



F' 



and 



© 1, 



we know the general form of the new scalar products (|3a|) , (SB). We can thus proceed to 
our computation of the Yang-Mills action. We begin with the electroweak sector. We first 
calculate the projection P2 key to the computation of quantum two-forms, this will enable us 
to compute the electroweak curvature corresponding to the new scalar product (P^), and the 



^ The 2x2 matrix corresponds to the decomposition Hj. Note that, as a consequence, we should in 
Ansatz (3a), (3b) plug in = I2 (8) Iw Fa with F3 G A/+(C'^), and F/ = I2 (8" with F^v a positive function 

of Me. 
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new form of the electroweak Yang-Mills action (differing slightly from that we had with the 
scalar product (H), the deviation being negligible in the valid approximation where all fermion 
masses are neglected against that of the top quark). We then compute the same objects for 
the chromodynamics sector for which the projection P2 reduces to its spatial tensorial part due 
to the fact that the gluons are of vectorial type, the Yang-Mills action needs however to be 
computed anew. We then combine the electroweak and chromodynamics sectors making use of 
the modular condition: this yields the total Yang-Mills action, comprising terms identical to 
those of the (bosonic) action of the traditional full standard model, however with interesting 
constraints which we discuss at the end. 

COMPUTATION OF THE ELECTROWEAK PROJECTION Pg- 



[5] Proposition. 



(canonical representant of quantum two-forms). 

Consider the class 7r£)(fiA^) modulo 7Tu{6K^), indexed by (A, /i, q, q', Q, Q'), consisting of 
the direct sum of the elements 



(48) 



^[2,0] 

^[1,1] 
^[0,2] 



(7(AD) - W 






'M^(Q® 1^)M 




®1n 

'{lif^D) - in 

M* [i7(q')7^® Itv 
M 

\ 



® 1 



N . 



with < 



f (A*jGfi(M,f/diag)' 
{XI) e (M, ifdiag) 

{Y^) e C~ (M, H) 
q, q' en{M,H)^ 
IQ,Q',Q"GC~ (M,if) 



S = ^if^u + fid) 

A = ^{flu-fid) 



fid = MdM^ 



and their leptonic reduction, where one fixes (A^), (fii), q, q', Q, Q', and lets {XI), {Y^), Q" 
range through all possible values. 

And take as scalar product the convex combination aq{uj,uj')q + ai{uj,uj')i of the scalar prod- 

U ® 1/ 



ucts ( |5^ with the choices = I2 C?) Iat ® T^, Fs G M3(C) positive with Tr^Ts = 3, and 
£^ = 12® Ftv, Ftv a positive function of with Tr^T^ = 

As already noted these choices encompass the special cases Fs = I3 and Fat 
previous Ansatz (0). 



Ijv corresponding to the 
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Now the canonical representant of this class ( pB^ ( obtained by projecting orthogonally parallel 
to (vTg © TT/) (SK^) and indexed by (A, /x, q, q', Q, Q') ) is given as follows: make in ({3^^): 



( X 



(49) 



Iq" = o 



where: 

(50) L = Tr[3ag{fiu + fid) + aiT^fie] ■ 

Note that these results are obtained from those of the previous work 
change /ig ^Nf^e- This will allow to exploit them easily. 

Proof: One finds the representative (A, /i, q, q', Q, Q') by asking the direct sum of the ele- 
ment (H3) and its leptonic reduction to be orthogonal to the direct sum of all elements 



by effecting the 



[ (s)®i^; \ 

(51) \ r(5^)GC-(M,ifdiag) 

where < (T^) G C°^(M,H) 
^ R G C^{M,H) 

and their leptonic reductions: this amounts to:0 



■ 

iR® A 



= agRe (Tr2 ® Tr^ ® Tr^) { [(X^) ® 1^ - (Q ® Iat) M 
(52) + [(rt) ®l7v-Q'®S - iQ" ® a] [(Tt) ® 1^ + iR ® a] } (1 

+ai-Re (Tr2 ® Trj^) [{leptonic reduction} (I2 © r^r)] , 



In ® 



ra) 



(we omitted the purely imaginary term {Tr2®Tr]^) i(F^)R® A — iQ'R® SA — iQ"(T^) ®A 

vanishing under i?e). This yields (with independent vanishing of the three terms in (5^), (T^) 
and R): 



o = 3«,-i?e(rr2®rr^) (xt)(^; 



(53) 



1^-M*((^1)Q. 
Q"R ® A^l 



livlM 



(n)(rj®i7v-Q'(T*, 



-|-aii?e (Tr2 ® Tr^) {leptonic reduction} (I2 ® V 



N 



Vanishing of the (S^^)-term: we have, with (X^) 



X ~ 

X 



s 0^ 
s 



Q 



We here use the fact that the traces rp^ , resp. tq^ , are proportional to the spatial integrals of Tr2 (8) Trj^ ( 
Tr^ resp. Tr2 <E) Trpj (note that the latter vanishes on Xq-odd elements). 
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= Re{Tr2 ® Tr^) 



3an 



Re{Tr2 ® Tr 



N 



+ Oil 



3a;,, 



+ Oil 



(54) 



[ XSlivj V-MiMrf*M„ SQ^M^Md 

Vo 2G2i^; U sg^M^MjjlvO r^v 

\ /O 
,0 XSrArj^U SQ^M^MeTN, 



Res 3a;, 



3an 

S 
S 



3a 



iV(X5 + XS) - Tr/i„ ■ - Tr/id ■ SQ^ 
+ [a^XS - SQJr{TN^^. 
2NXS - (Trfiu + Trfid)SQ^] + «/ 
2ArX - {Trfiu + Trfid)Q^ 



+ ai 



NXS - SQ^Tr{TNfx 



(6ag + ai)NX - Tr(3ag(/i„ + fid) + aiTNfie)Q^ 
(6a, + ai)NX- LQ^ 



whence the relation first hne in 
Vanishing of the (Tfc)-term: we have: 



(55) 



= ReiTr2 ® Trj,)\ 3a, \in){rk) ®1n- Q'(T; 

= -Re|3a 
+ai 
RelT^ 



(n)(r,) Q'(TD ® -/xej (i2 ® T^] 
Nrai - \Tr{fiu + /id)QiT.' 

NniH - iTr(r;v/ie)Q';Tf 

(3ag + ai)NY!^ - ^Tr [3ag(/i„ + /i^) + T^v/ie] Ql! 



1 



(3a, + ai)Nrk - i^LQ'l 



whence the relation second line in (ffOp. 



Vanishing of the R-term: Re{Tr2 ® Tvn) Q"R ® (a^A^ + ami) 
Q" = 0, the relation third line in 



vanishes for all R iff 
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CHROMODYNAMICS COMMUTANT OF THE INNER SPACE K-CYCLE 
AND CHROMODYNAMICS PROJECTION P2. 



[6] Proposition. 

Consider the class 7r£)(i7B^) modulo 7Tu{SK^), indexed by (g^,f'), consisting of the direct sum 
of the elements 



(56) 

and 
(57) 



1//, ®ljv® 7(f')+^' 



(gl) e n{M, M,iC) 
(X^O eC-(M,M3(C) 

f e Q{M,Cf 
X' G C°°(M,C) ' 



where one fixes f, and lets X'^, X' range through all possible values. And take as scalar 
product the sum of the scalar products with the choices = Ichmm, positive in the 
commutant of Dg, andV^ = T'l, FJ positive in the commutant of Di. 

The canonical representant of this class (obtained by projecting orthogonally parallel to 
(vTq ©7r;)(5K^) and indexed by (g^, f')), is given as follows: make (Xj^) = in ([5^ and X' = 
in (|5?|j. In other terms P2 acts only on the space-time tensorial factor. 

Proof: Commutation of the generalized Dirac operator with the action of the chromodynamics 
algebra (cf. (|^)) makes the situation easy to handle. Since Bchrom acts irreducibly on C^hrom' 
the quarkonic commutant is of the form F^ = F'^ ® Ichrom; T'^ in the commutant of Dg. And 
since Bchrom acts on Cchrom by scalars, the leptonic commutant is of the form Fj = FJ, FJ in 



with Dg 



the commutant of Di. We recall that, by the commutation of (tt^ © (Bchrom) 
D4, {Hq © 2Li) ((^Bchrom)") vauishes for n > 1, implying the simple situation VTg 
7iD{inAy) ®7r^(Behrom) and 7^^((^]B)2) = 7^fl((^]A)2) ©7r,(Behrom), i.e. the form (|B|), (0) for 
the Hilbert space representant of formal two-forms. Together with the product structure (^ of 
the traces, this implies that, for the computation of P2 and of the chromodynamics part of the 
action, Tg and F/ enter only through their trace^ Tri\f(Tg) and TrAr(F;). Hence P2 restricts to 
its space-time tensorial factor. Here is the explicit calculation: P2 is found by asking the direct 
sum of (|56|) and (|57D with fixed g^, f to be fiberwise orthogonal to 7r£>(5K^), i.e. to all direct 
sums of 

(58) U^In^G!,, G^, gC°°(m,M3(C)), 

and 
(59) 



I2 © 1n®E!, 



F' E C 



[M, C). 

This amounts to vanishing under the Clifford trace, for all G\ and F', of the following expres- 
sions: 



(60) 
(61) 



Tr{Tg-)®Tr^[lH, 
Trj®Tr{Vg-)®Tr^[lH, 



N 



—k 



n 
k } 



Xisl)+M])}=TriTg)GlX^ 
In ® {f' = Tr{Ti)F'X' 



Thus we do not need to compute their precise form. 
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this leading indeed to X^*, = X' = 0. 

Our task is to calculate the Yang-Mills action for the compound electroweak-chromodyna- 
mics system, for which the curvature is obtained via modular condition. We first ignore this 
subtlety and compute the (unphysical) electroweak action. Once this is done; it will be easy to 
adapt the computation to the full problem. 

COMPUTATION OF THE ELECTROWEAK YANG-MILLS ACTION. 

For the convenience of the reader we reproduce the expression of the curvature Eb]: here 
is the quark component: with L = Tr [3ag(/iu + jj,d) + ctzFAr/ie], f the [/(l)-curvature, the 
5'f/(2)-curvature, $ the Higgs doublet, and V$ = v% the Higgs potential: 



(62) 



/ 



-e 



?[2,0] 















M 



-0 



5[0,2] 



7^7(iiD$) (g) Itv 

v^M*M 

f$l (g) S 



-7(h-.) - {ai + ?>a^)-\2N)-^Lv^l 




In J 



from which the leptonic component is obtained by suppression of the first line and the first 
column of 4 X 4 matrices, after the changes: 



(63) 



M 



. fid. 



M 





.0 fie 



Square of upper left corner: the leptonic part: 



-7(f) -{ai + Qag)-^N-'Lv^ 



lN + v^M*Mj 

In + V^M*MM*M 



^-^{iy + (ai + 6a,)-'N-'L'V^ 
-2{ai + 6agy^N~^LV^M*M + terms linear in 7(f) 
yielding after the substitutions ( ^Tj) under ai trciiSord ® TrN(Tj\f)-^ 

a^j-ixf^J^^ + {ai + 6ag)-^N-'L^V^ + Tr (T^fil) 
-2{ai + Qa^y^N-^LTr (F^v/ie) 
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We use the fact that the normalized Chfford trace of 7(f)^ equals 2f^yf'^'' 
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and the quark part: 



-7(f)l -{ai + Qa,y^N-^Lv^l 



-7(f)n + {ai + Qa^y'N-'L'V^l 



In + V^M*MM*M 



-2{ai + Qagy^N~^LV^M*M + terms linear in 7(f) 
yielding under ag tr cmord ® Tr2 ® Ttn ® TrsiTs-)-^ 

-2{ai + Qaq)-^N-^LTr{^^u + ^^d)V^}, 

combine to give: 



\4 



i.e. (cf. (0 
1 



\4 



Contribution stemming from ^5(1,1]: we have: 



(^.[1,1])^ 



7^7(iiD$*) (g) lAf] [7S(^D$) (g) 1 

7^7(iD$) 



M 







MM* 



7^7(zD$* 



+M'^ 7^7(^0$*) ® Itv 7^7(iD$)®lAr 



M, 



-M* 
2 



where the upper left corner can be replaced by its Hermitean part 

7(D$*), 7(D$)] ^ ® M = (D$i)(D$^)M*M, 

also equal to the hermitean part of an order-permuted lower right corner. 
We thus get under ai trcufrord ® Tr2 ®TrN{XN-) the leptonic part: 

2«;Tr(r^/ie)-(D$,)(D<l>0, 

and under aq trcufTord ® Tr2 ^Tr^ ® Trs (Fs-). The quark part: 

QagTr{iiu + liu) ■ (D$0(D$0, 

combining to give (cf. (|50|)): 

2L(D$,)(D$0, 



Tr2 now denotes a trace in M^iC). 
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Square of lower right corner: the leptonic part, with the substitutions (|47|) 



-7(h-.) -{ai + 3ag)-\2N)'^Lv^l 



-^(7(hD7(h: 



-2(ai + 3agy^{2Ny^LVq>l (g) -/ie + terms hnear in 7(f) 
yielding under ai tr cmord ® Tr2 ® TrN(TN-)-^ 



2(az + 3a,)-i(2iV)-iLTr(r^/ie) ■ r$ 



and the quark part: 



-7(h-.) -{a, + 3ag)-\2N)-'Lv^l 



4(7(h^)7(h?; 



1^ + {ai + 3ag)-^{2N)-^L^V^l ® 1^ + ^$1 ® + /irf)^ 
1 



—2{ai + 3ag) ^{2N) -"^LV^l ® -(yU„ + /id) + terms linear in 7(f), 



yielding under ag tr cmord ® Tr2 (^Tr^ (g Tr3{T3- 
1 



.10 



3ar 



1. 



4 



iVh^>f + (a, + 3ag)-'i2N)~'L'V^ + -Tr + 



- 2(a, + 3ag)-\2N)-'LTr{ij^ + /i^) • K,| 



combine to give: 

+ 3a,)Arh^,hf - (a^ + 3ag)~\2N)-' L^V^ + ^Tr [aiTNl4 + 3a,(/i, + ^df 
-2{ai + 3agy^{2N)-'^LTr [aiTNf^e + 3aq(/Xn + /^d)] 

i.e. (cf. (H): 

1 



-iai + 3ag)Nh'^,h', 



iai + 3ag)-\2N)~^L^V^ + -Tr [aiT^fil + 3a,(/i, + fiaf 



\4 



Collecting the terms (*), (**), and (* * *) yields the electroweak contribution. 



We use the fact that the normalized ChfFord trace of (7(h^)7(h*^)) equals h^^^h^". 
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[7] Proposition. 

The electroweak Yang-Mills action equal^ 



(64) 



YM,^ = --{ai + 6«,)iVf^,P" - -{ai + 3«,)iVh^>, 
+2L(D$j)(D<l>J) + K{^i¥ - 1)2, 



Where ai and aq are positive constants, and where 



(65) 



' L = Tr [aiTNfie + ^aqifiu + fJ'd)] 
K = -Tr [aiTNfJ-l + 3ag(/i^ + fi^) 

+3aqTr{fi^ + fia) - [2-\ai + Sa^)-' + («, + 6a,)-i] N'^L^ 



COMPUTATION OF THE CHROMODYNAMICS YANG-MILLS ACTION. 

We recall the expression of the leptonic, resp. quark components of the gluonic curvature one 
has, with f and go t/(l)-curvature-two-forms, and g", a = 1, ... ,8, a 5'f/(3)-curvature-two-form 
(the Aq are the eight Gell-Man matrices) 



(66) 

resp. 
(67) 



^^ = -7(f')l2®l7V, 



= ;^7(go)l2 ® Ijv ® I3 + 7T7(g")l2 ® 1 



N 



2 ' 

T' 



The gluonic new scalar product ( ^bf) is given as Tr (£_■), £' = ^ , (cf. (|46|)), with 

\ / 



(cf. 



(34) 



])) here reproduced (in shorthand) for the convenience of the reader: 



//l(/ie) A;(/ie)\ 

5 



(35) 



r' 



//(/ij lifiu) \ 

gifid) m(/I,)C* 

/(/i„) finu) 

V Cm (lid) Cg{Jid)C*J 



Recalling the formula: 
(68) Trg 



M (g) I3 + A^' 



H 2 



3M^ + -N'^Na, 



16 



We recall that £, = 12(81 Tjv, TNM^TrNTN = N 
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M and A^", a = 1, . . . , 8, p x p matrices, and since 

1 

= - 

(69) 



O'f = -T7(f')'l2 



^7(go)' + ^7(g")7( 



we have: 

(Tr2 ® Tr^) [H^f] ^ (^^^ ^ ^ j,^^ 



(70) 



37(go)' + 27(g")7(^ 
37(go)' + ^7(g")7(j 



■TrN[2f{^^u) + '2g{^ld)i 



whose Chfford trace is then the sought gluonic Yang-Mills action: 



[8] Proposition. 

The chromodynamics Yang-Mills action equals 



(71) 



where h, /, and g are positive real functions. 



3go/.i.gr + 



_ a IJ.U 
2 OfjLvoa 



MODULAR COMBINATION OF THE ELECTROWEAK AND CHROMODY- 
NAMICS SECTORS. THE FULL YANG-MILLS ACTION. 

We now combine our results |[7]| and using the modular condition coalescing the un- 
wanted three f/(l)-gauge groups into a single one. At the level of connexion the modular 
condition amounts to the identifications: 



(72) 



(73) 



1 

— a 

3 



-if 

3 



Adding the electroweak action (plf ) to the the gluonic action ( ffTD with these identifications 
then gives the total Yang-Mills action: 



YM = --lN{ai + Qa^)+TrM 



(74) 



—Niai + 3a,)h^,hf - iTr;v[/(/i.) + g{Jid) 



+2L(D$j)(D<l>J) + K{^i^' 
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[9] Proposition. 



The The bosonic action of the Connes-Lott version of the standard model is of the form 



(75) 

where 



(76) 



A 
B 
C 
L 
K 



2h{^^,) + 5 + -[f{^lu)+g{Jld)] 



\TrN [f{^iu) + g{^^d)\ 

^|iV(a; + 6ag) +TrN 
N{3ag + ai) 

aiTNfie + Saqinu + /id) 

+ 3«,Tr(/i„ + /irf) - [2-\ai + 3aq)-' + {ai + 6aq)-'] N-'L^ 



Tr 
3 



-Tr 



with ai,ag > 0, Tj^ a positive function of fie = such that Tr jyFjv = A^, and f and g positive 
functions. The coupling constant is in the center iff (a): ai = ag ; (h): h{fie) = 6 = X'In for 
some A' > ; (c): f{fiu) = gifid) = ^''Ia? for some \" > 0. 

(the last claim follows from [^](ii) (requiring agl2 Iat (8> I3 = 0:^12 ^ In) and [^](iv)). 

Setting ai = p^, ag = p^, p > 0, -1 < x < 1, ^Tr^v [/(/i„) + g{Jld)] = y, j^Tr^ 
[2/i(pe) + = this reads: 



(76a) 



(A/p 

B/p 
C/p 
L/p 

K/p 



y 

,7-5x 2 



1 + x)TNPe + 3(1 - X){pu + fJ'd) 



-Tr 
2 

-Tr 
4 



1 + x)TnpI + (1 - x) \3{pI + pI) + 2/i„/id 
{5-3x){l-x) , , 



-3 



2(7-5x)(2-x) 



N-\L/py 



with the coupling constants in the center iff x = 0. 

The expressions for L and K differ only from those obtained with the former scalar pro- 
duct (H) (besides the overall factor p) by the factors figuring in their first terms - 
the latter however without inference on the (very goocQ) approximation which consists in 

The corresponding error on the tree-level computation of masses - see below - is of the order of the present 
error on the measurement of the W mass. The overall factor p drops out from the tree-level computation of 
masses. 
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neglecting all fermion masses against the top mass. This approximation leads to the values: 

3 

I L/p = 

(77) 




2 
9 



x)m. 



X) 



1 - 



(5-3x)(l -x) 
2(7-5a;)(2 -x) 



m. 



The factors Tn are harmless: indeed we have 

(78) Sup {Tr(T%y, TtTn = n} = Sup {xj + + Xl; Ai + As + A3 = A^} = 3, 

thus, by the Schwartz inequality, one can neglect the terms: 



(79) 



f |Tr(r^/ie)| < Tr(r^)V2Tr(/i2)|V2 < ^Trif^Dl^' 
I \TriT^^^l)\ < Tr(r^) V2Tr(/i^) | < V^Tr{^t)\'/' 



TREE-LEVEL COMPUTATIONS. 

We now compare the Connes-Lott Lagrangian (^) assorted with the covariant deriva- 



tives 4b 



(80) 



D, 



Ll 



D 



- 2za^ 



Vu + -lAn — ic"; — 
3 2 



ic 



To 



-iau — ih,, 



with the bosonic part of the traditional full standard model:0 



(81) 



-gauge 



+ Lnig 



V 
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We recall the following relationships of constants in (Rlt) with masses and the weak angle: one has mw 



\vg2, niH = v^Mi and tang 6*11^ = g-^/g^. 
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assorted with the covariant derivatives: 



(82) 



D 



Ru 



■ 91 



D 



Rd 



^, + ^^-^B,-^g,G;^ 



Identification of the covariant derivatives (|80|) and (|8^) is synonymous with the identifications: 

c = gsG 



(83) 

(84) 
(85) 

implying: 
(86) 



in components = S'sG", 

a = -^9iB 
in components a'^ 

b = g2W 

in components = g2W^, 



a = 1, . . . 



-^9iB, 



s = 1,2,3. 



1 



;9iB, 



1 



-02 COS 0wB^ 



flU 



92W, 



9GI, 



s = 1,2,3, 



1,...,8, 



Assuming that and $ differ by a constant (insensitive to multiplication of 0, resp. $, by 
constants), the latter follows from comparison of the fourth terms of ([7^) and 



(87) 



V2 



Inserting (H), (|8|) and (||) into (|T]) yields: 
YA4 = 



(88) 



glA . G%G^/ - gf-B,,B^^ - j-g'^CW^^Wr 



B 

jB^. 

AL AK 



Comparison with ( [75D yields 
(89) 



AgjA = gfB = gjC 



AL AK 



yielding : 
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(90) 
(91) 



^3 = \{CIAfl^g^, 



-| = tang"^ Qw = — 
91 



B 

C 



whence 



sin^ e 



C 



w 



B + C 

(92) v'^gl = 4m^ = 4^ whence mw = [LjCfl'^ 

(93) /i^ = KjL whence niH = {2K/Lf''^. 
Plugging into those relations A^B^C as in (|76a|) and L as in (|77D gives: 



[10] Proposition. 

We have the following tree-level evaluations: 
(94) 



gs = l{N{2-x)/yY/'g, 



(95) 

(96) 

and 
(97) 



sin^^ 



w 



N{2 - x) 



^3(5-3x) + ^ + 1^ 



rriH 



mw 



V3 



3(1 -x) 
2A^(2 - x) 



1/2 



mt 



(5-3x)(l -x) 



1/2 



2(7-5x)(2-x) 

where = denotes approximation neglecting all fermion masses against the Higgs mass. The 
real numbers x,y, and z range independently in the respective intervals [— 1,+1], [0, +oo] and 
[0,-cx)]. 

The choice of the coupling constant in the center gives 



(98) 



rrit = 2m 



w 



rriH = \^- J (23/28) mt = 1.5698mt 



We now study the constraints affecting the above quantities. Since y is an arbitrary positive 
number, fR4D contains no information. 



Constraint on sin^ 9w- since y, z E [0, +oo] one has sin^ 9iv < 



4 2-x _ 2_m£_ 



Constraint on mw/mf. continuous decreasing function of x varying from to 



Constraint on mn/mf. continuous increasing function of x varying from J{7/3) to ^3, 
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These are individual constraints. But we have also a correlation due to the additional informa- 
tion obtained by eliminating x between (|96|) and (p7|) : if we set: 



(99) 

we have 
(100) 



2N 



nit 



1/2 



X 



whence 



2^ 



X 



X 



T = - 
3 



M, 



H 



nit 



1/2 



(5-3x)(l-x) 
2(7-5x)(2-x) 



(5 - 3x) 
2(7- 5x) 



S 



[11] Proposition. 



The Connes-Lott version of the full standard model differs in tree- approximation from the tra- 
ditional standard model by the following constraints relative to the weak angle and the ratios of 
the top quark, resp. the Higgs boson mass to the W-boson mass. Irrespective of the choice of 
coupling constant in the K-cycle commutant we have the inequalities: 



(101) 



sin^ 9w < -- 



mt 



3 + m'^ 

(102) < niw/mt < iV~^/^ 

(103) ^(7/3) < mw/mt < Vs. 

Furthermore the ratios mw/mt o.'i^d mul'mt determine each other as follows: one has: 



(104) 



T = 1 



1 S + 2 

2 35 + 2 



S 



where S 



2N 



mw 



nl/2 



mt 



T 



rriH 



nl/2 



mt 



where the values ([5^ corresponding to the coupling constant in the K-cycle center are obtained 
for S =\. 

We conclude with the remark that the correlation ( |104| ) together with the fact that the top 
has approximately twice the W^-mass leads to propose that the Higgs mass might lie around 
1.5698mt. 
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Appendix. 



Present notation versus notation in the companion paper 





this paper 


X 


ttgJ- 3 


y 


aiL TV 


r 


fif^u) 


s 




u 


5 


V 




k 




V 




w 





{trTs = 3) 



trx = 3a„ 



{trTN = N) try = Nai 



C. 



KM 



c 



25 



Bibliography 

[la] A. Connes, Non commutative differential geometry, I. The Chern character in i^-homology, 
II. De Rham homology and non-commutative algebra, Publ. Math. IHES N°62 (1985) 257- 
360. 

[lb] A. Connes, Non commutative geometry. Academic Press (1994). 

[Ic] A. Connes, The action functional in non-commutative geometry. Comm. Math. Phys. 117 
(1988) 673. 

[Id] A. Connes, Trace de Dixmier, modules de Fredholm et geometrie riemannienne, Nuclear 
Physics B (Proc.Suppl.) 5B (1988) 65. 

[2a] A. Connes, Essay on physics and non-commutative geometry. The Interface of Mathematics 
and Particle Physics, Clarendon press, Oxford (1990). 

[2b] A. Connes, Non- commutative geometry and physics. Proceedings of 1992 Les Houches 
school of theoretical Physics. 

[3a] A. Connes and J. Lott, Particle models and non- commutative geometry, Nucl. Phys. B 
(Proc.Suppl.) 18B (1990). 

[3b] A. Connes and J. Lott, The metric aspect of non-commutative geometry, in the proceedings 
of the 1991 Cargese Summer Conference, eds.: J. Frohlich et al.. Plenum Press (1992). 

[4a] D. Kastler, A detailed account of Alain Connes' version of the standard model in non- 
commutative differential geometry I. and II., Rev. Math. Phys. Vol 5, N°3 (1993) 477. 

[4b] — " — III. CPT-92/P.2824. 



[5a] D. Kastler, T. Schiicker, The standard model a la Connes-Lott CPT-94/P.3091, |hep- 
I th/9412T85| . 



[5b] D. Kastler, T. Schiicker, Remarks on Alain Connes' approach to the standard model in 
non-commutative geometry, Theoret. Math. Phys. N°3, 92 (1992) 523. 

[6] T. Schiicker, J. M. Zylinski, Connes' model building kit, J. Geom. Phys. 16 (1994) 1. 

[7] B. lochum, T. Schiicker, Yang-Mills versus Connes-Lott. CPT-94/P.3090. 



26 



